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The s(peclrruw

We have Q\ijdeﬁJ ”M'I' A@“(Miwﬁ a Pomcare/—}wuaﬁqwjf RFT w Jfl/w TT OpwaJ&DJ‘ ¥ equida'dvﬂL
to coupliug Hae Hicory to [lat Jeclliv - Teite!lboiw graui‘H_

Sz (el (62 0] 7 Swgier L2.%]
T

w'ljf[” ﬂ\e L\Oloqmplﬂr’c jcjwlLi'ficaJr(om

A =

x|~

Zvideuce J(W the cwrcsPomdwce comes Hrow

. mowper‘fdwlﬂo%ue devidation of the Jressed S-wadrix ) and

'(‘a()fOc)UCi\/\ﬂ the TT d)()eraj(w per+usaJFiJe\«j to \eqc)mcj order v =
Modvlo sowme 5010“®JH€S, we will wow show that the spechruw' O{ a CcFT cooplec) to

]((cd’ JT c”auijruj a\so ((’,QMJU(M ere TT s‘oecﬂom.



Let us cousiden flat 3T gravity v the sielbein forwalisu  where

b q 4
ﬁFUZ (,,:‘ ey Mau , w{*l": wréu
J l !
viel bein
{—[o* w\e,‘l,f}c spin (omn@mtiow

(JYOP form v 24)

Tw these uawiabléé) Hie action can be weidten (in Soclidean signatore ) as

fc)G‘l ¢>(2+/\J

—
Sy - {J%,{ o ctaay von efag ey o Nt ey -ty |
— — )
JrO(SiOV\—‘fMG (D\As‘l(a}m"i— T’:; =0
The eort read: AN 11% =0
b e”b daWp = O =>  Wx= g W (3[\0*)

L
W - Wi = - €aw N ey



We can vse the last eoquation to wteqrate oot the dilaton 4.
Fortherwmore, we wote +hat the vielbein forwolation of gravitational theories
comes with additiona) diqiecs of freedom, Lot also with additioual
qaoge squmeliies: local lorents bransf arwadioas ot the yielbeius

(% = Aol %y = L & Moy s iwvariau T
Tn d:-2 we havg J_(cl%) _ 1 Lorents franctormations A%, = p et e gavg e
Fix Ylais sqmmetry by choosiug

W o => Wa 20
Altogether  the IT action reduces 1o
S11 = jfg et ( »* 9 e; v A Cay eie;)‘

Iv\ ComJVfang Jro H/\ﬁ Of((diz/\a\ slke\be’\V\ czd‘(oml We see {"/\qu H/\C a&f@w \/\ag



o pair of shift sywmetrio :
N8 8 where ¢ are coustauts
Tw awalogy oith the decivation of the é—w«ajﬂri)(; thie sugqqests the dollowiug
identification of dymamical (or JrarrjeJ( space) coordinates
T A N

Iv\c)eec)) m JVMWg é)]L Hnese mmb&es, ‘Hfle €O \oecome

9*/;’_: - T—r‘\' ra' ,>\<l+ = - L b‘\‘ §+—64) = g‘( 7'\(/—’ 6— ) = _+_
N ) N ] e il

N

+ ¥ A
uul'\ofe we 0sed Cy = ¢ p =1 ’&Ogejrbuer wl’H/I More gevxwa\\g:

a a ab B

CDVl*o{vmal qavyge L/ e“f g AT = T ~B ei ‘ WX = ey %6 € T i
Na

These are the sawme €orm we foond i the wetric formalicw for the

Iro(lowimﬂ C—‘/ID(C@ o+ C)‘jV\a\Mical CoofAiV\aJreg



1 -\

rATo= 2 N\ 27 & .
Hence, the 5% aud %" coordinates are equiva leut on-shell. Tu pacticolar, fhe
c)eviucﬂiom o1 the Jdressed S matriy is e Sawmg  0Siug the X% or x? coordinaTes .

The Jwamica| Coof()jv\a+6S X" are Jm(mea w(j " —H/w coeromaJ gavge w(mda wmalles

Hie aualysis of the forvs parttion fouction more complicated (e latter i vsed i
the devivation of the spectrom).

On the other hand , ¥% are shift squmetric (R4~ X%+ c*) M awy gasge aud
hence provide a qavge fwvariant Jediwtion oF the dynamical coordinates.

Dp to total Jerivative terms, the action of 4lat IT gravity coupled to malter

reads

5 = %_(fs cPear (X - &f)(a?%b— 6?) + Suatter (9, 4]

NS added fotal derivative torw e‘Penb)‘,x‘*gﬁ)&



The qu/l mtegral detinition of a TT - deformed OFT s proposca to be given by

(/yc e“Cea (dexﬁ - e )(%XL’ - C:)
Z\M\i«’br ES]

217 () = g Dr 0 ey 0% ¢ = g DY* Dot ¢ F
\/04{ Voy

IV\ orc)ef‘ Jf0 Aer(ue ‘H/\e 5pecjwuum, we p(ace H/le Hf\cofj on Jr[oe Jrorus w(/\eme
. owe mtegraJFa over all velbging on a \\wof\<§5t\ce')//wi+’/\ the 404;0[03% of a foros ;

v wWe iwifegm‘l’e oves all H/\e C)ﬂt/law\ica‘ coochimees WPPWE( ”H/IC wofdgl/luﬂL +o Qa

\\JrCqule Spacé” torug .

Let oy sleteh Jr[qe theps NeCLssacy M fhe ()eriua{ion 0‘} 4L\C 5peo{ruw'. ﬁfer WG gaaye
fig the diffs so that +he wetric reads

Ais)

§d[} = 6 ( ] E\
- —_ L -1
[ T tCe
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H@f@ u)alJQ p0+ H/l@ MOCJL)'GW ()a.ﬁqw\a‘h&{ s‘l‘ H’\(’, J(O[US W H/l& MQJ{('(C ‘ngfeq() &f 1\ J\lllt

dentification of coofdiwaﬂs) o< 6 MM

Tz G rti4 = Wa
W W)
n i
As A regoH’l ‘H\e w‘elb&iw can be w/iHM as
- N¢s) W) ya b " _
et = o (et ) 2@, ¢ o> (\Q)
e | 0 Ca
local s0Q)
rofation

Note {hat fThe so2) Jadar is not a qadge S‘jMMC‘“j (recall we Fixed the qa0ge w=0)
so that we wos 1 Mﬂjfmte pier We) wn Hhe paﬂx; }meeng. The additioual '.v\JragfaJr}om

over qie) is what distinguishes Fhe 3T path inteqral  befween  Fhu uetric and vielbein



formalisms . Ty pac ticalar mJtechJrng 00T Q) gields a pajr[A 'Mw[egrak that AL()?/V\AS auly
on wetric variables bot with o novel mtegration weasore (wot feamd w the wetric
forwalisw). As o result the path wkegral w Ahe vielbeiw formalism seems fo be

mequivalent to the oue w the wmetric formalism.

We now gua|oq+e H/\e paW "lv\Jrazjtra‘ locj MJregmijg over De and OX The De

ivHrag{aJﬁam becouss
De — DA 4T

The path integral furus oof fo localize on constaut medrics and wvielboing goch

that A=, v =4 where L ond @ are constaut. The dinal resolt i

-'ZA,/,M o - 'l-/L w — 1 - - b - -
1‘( = 2 A Jn cJ‘Q 6 6& o L,( - 3 Lvatter
i (n) v (ﬁe)L Lu ¢ L L AELC @XP[ J*_ 5 0 I 6p>] fro

L, opper- halt plane = & ¢ | Ziro.



where A i fhe area ot the 1Lawde1L space loces which s palfawml/‘igec) by L% (e, L)

soch “/(q% A= L1L7j— Lily  aud

4 D=(L1+L’1,L2+L,2)

C = (L}, Ly)

Stnce Hthe ‘.ﬁagwa\ above 15 over coustaut vielbeins ( pacamelrized by b and o) we

cauv w(H‘é: /—’—0 Y ng§+am+5 to f‘éplaaé

__(q - - - = — —
2 = (L L Lo T, C.
{’I/‘; L,( J’\_g £ ,() / r, 2

|

We then obtaiy
- - e P, (15 -
Lo (B} = j_Aez%g FL RS Wl - Latp)

_ wefter [ a«{; ]
Ao @) A



Vote that the wtegral above & Joryally diverqort since the exponsutial ocm

does wol have « detinite siga. This is o “sfaudard" problew of Eoclidean

quautom ijOUiJILj_
The strateqy to evalvate the integral is to ose The saddle point approxiwation

QVICJ Mope )LOV‘ Hfl@ [oeSJF, Vlamclj/ as<ome Jrﬁla‘f ong cav talle {—(4@ f‘ifjw_ ,‘mtgg{‘ajr,"w
condauss that re%u\ajfe the ‘MJregml and rendep it finite.
Let us clr\av\tje Jaciables (LY = (L,2) and (T,0')» (L, T) where t© is the

standard wodulen panaueter of the tangeT space torus soch that

t o m - _ 2iat- Ui (Gt Lola-a) A En(L) r2milk, T,
2ir(p)= 7 YA ng’//“ ( JZL g J'c gﬂJ [ 11 Ce) 4 < ]} ,
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where 2 s e Sige D]L the spajr;a( code R= e wd we Jsed
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Let us assome the wndedorued watfer theory is o crT, wawely

1

E\q = E\A é__

Then the T iw‘l’egwal s Gavssian and tﬂi@\és

' — - * 1—1 h’— ‘i*’ -G ) —_1_€v\+ \} LV\:l
25() = T A M S Jo o WwElErarcay]a S

A T Iui P Et

lfinallj/ pemﬁormmg Jrln@ “erega\al ouer T wt oblaiv

I

%-ﬁ(y) = g exp [25“(\4 g, - 4 QI(FTZ tCw 4 L1Tl1!!‘i A )]
T —H—"a,_ T

)

~

G Culi) Zulp) =TT spﬁc‘jmm
whicl is Hve warilr}om {uv‘cjrr'om O]( a 1T —Jﬁomec} CFT
For cdenera] OFTs’ Ylye Par’r}*.‘am touction caw be eualua'hJ LEI a saddle - po’:ﬂ'

qpprox imatio and can be shown  to ‘j"e\‘;/ wodulo assomplions, Hie Jecired resolt:



Together with The Jevivation of Fhe Scwalrin and the devivadion of he wuitesimal
Jedormation we conclude fthat the TT deformation of a qeneral @FT is equivalent to

Coapling e anomj Yo flat Tackin -Teitelboiw q(au‘.Jrg_



