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Introduction

The TF deformation of a Poincare
'

QFT is defined by

☐
OU

E = - Y / dxtdx
- TF

on

t.TTSIR
• TF = 1-

+ +
I
_

- Tt -2
,

✗
±
= t±x

,

ds
>

= - dxtdx
-

• Tru → instantaneous stress energy tensor

5 = So -4 µ f TF " ' + O( µ
'

)

• [ p ]
= L
'

→ deformation is irrelevant

Remarkable properties :

• universal → doesn't depend on details of the QFT

• solvable → spectrum + S - matrix
Mwr

• nonlocal but UV complete

• not an RG flow → preserves # of dots

• equivalent to coupling to gravity



What is the holographic dual of a TT - deformed CFT ?

UV : TF ← ?

1. t
IR : CFT

,
→ Ads }

Answer depends on double us single trace version of TF .

Double trace :

• doesn't change local geometry

• cutoff / glue - on Ads} or Ads} with mixed BC

iii. ◦
M'° → Mixed B.C

.

_%ft)_, Dirichlet B. C-

Single trace :

• changes the local geometry ( and B.c.) !

Ads} →
linear dilator or Tst

spacetimes

• string theory realization

• toy model of non - Ads holography



Outline

① The TF deformation

• spectrum

• modular invariance

• single vs double trace

② String theory in Ads }

• long string spectrum

. holographic dual

③ TF in string theory

• TF on the world sheet

. TST black holes

• deformed long string spectrum

• further evidence



The TT deformation

whats so special about the TF operator ?

(1) TF = linn [ Tzzlt ) TEECÉI - T.z-HII.i.it ] is well defined
2- → z

'

(2) LTE ) = ( izz > ( TEE ) - ( TEE )
>

= Constant z= ✗ + it

Assumptions :

4) Poincare
'

invariance

2m Tmr = 0
, Tru = Tum

2 TZE + I Tzz = 0 5T = 20 1- = Ttt

= > FIT
--

ÑTZE t 2 TEE = 0 2T = 50
D- E Tt-

(2) Global translations

( Oct ) ) = (01 % 012-0) Urgz 10 > = (012-01) =) constant

( OLE ) OCÉ ) ) = ( OC to ) 01 -2
'

- 2- + -20 ) ) = f ( z - z' )

(3) Local interactions

him 1012-1-2 .ws Ott
'

) ) = 1017 ) > Lol -2
'

) )
2 → •

Exercise : check for O=T in CFT on the cylinder .

= > theory is defined on the plane or cylinder



I. The TF operator is free of divergences

TT ( Z ) = lien [ TIZI FCÉ ) - 0-1-2 ) -01-2
'

/ ]
2-→ -2

'

OPES :

Dil -2-7
'

) Ailz - É )

(
TH ) FCÉ ) 1-1-21 -0 "

"
)

) = Ei ( pg , , , .z
,

, g. , , - E) ) °" "
"

)

D- (7) Fl -2 ' ) -01-210-(2-1)

Ll ) TLZ ) I (2-1) - 0-12-7 ⊖ Cz't = [i [Dil -2--2' ) - Cia - 2-
'

) ] Oil -2' )

N N

= die It
'

) t E Fi It - t
'

) Oi + E Fil -2 - Z
'

) 20;
i
-

i -

potentially divergent

Using JµTMv = 0 ( IT = 20
,
at = -20 ) :

• II [ TLZ ) Fcz
'

) - D- ( Z ) D- ( É ) ]

= ZETA ) 1=(2-1) - ZE -01-21-012-4 + -017 ) [ Zz' Ftz '

) - Zz
'
-01-2 ) ]

-

=Zz D- (Z )

= (22-+2.2)-012-11=17' ) - ) -01-210-1-2
'

)

-

↳zt Zz' ) ( Z - Z
'

) = 0 . . .

=) II [ TCZ ) Fez
'

) - 0-12-1 0-(2-1) ] = Ei [ Bit-2 - t ')ZiE) - Cil -2 - 2-
' IJE ]

Zz [ TIZIT ( z
'
) - 0-12-1 ⊖ Cz't ] = Ei [ Di Iz - z' ) ZIYI) - Ai (2--2-1) JELLE ]

TO

( TH ) FIZ
'

) - ④ (7) ⊖ ( 2-
'

1) = ( Opitz ) ) t Ei Éi 17--2' )

Thus
,
the TF operator is well defined up to total derivatives .



(2) The TF operator factorizes

LTF ) = ( T ) ( F ) - 1072 = constant

ZE ( ( TIZ ) Flz'

) ) - ( -012-10-1-2 's > ) = Zz ( 0-12-11=1-2
'

) ) - Zz (-01-2)-0 ( É) )
-

E Itt
, -2

'

) = - Zz
' Lolz ) FCZ

'

) ) + Zz' (012-10-(2-1))

=
- ( on)fÉ >

= 0

Easy to show : Zz I = JE I = Jz ' I = ZE ' I = 0
.

↓

can put -2
,
-2
'
at any location

= > LTCZ ) Tl -2
'

) ) - L D- (7) D- ( z
'

) ) = ( TH ) ) ( Fez
'

) ) - (0-17) > ( 0-(2-4)

Thus
,

( s ) + 12 ) :

( TFC-2
'

) ) = him ( ( 1- (7) Fit' ) ) - 40-1710-1-2' ) ) ) = ( TCZ' ) > ( 1=17
'

) ) - 20-(2-1)>2
2- → z

'

comments :

(1) 10 ) → In > : Hln ) = En In >
,
Pln ) = Pn In >

(2) We can relax Lorentz invariance
,
Tzi ± TEZ .

(3) Works for other conserved currents , e.g

JFIÉ ) = Gins ( Jcz ) Fez' ) - Jlz ) 0-(2-1) >
2- → -2

'



The spectrum

Put the theory on a cylinder ( so it > to )

-

✗ ~ ✗ t R
,ist / /

→

✗

Consider an eigenstate Hln > = En In >
,
Pin > = Pn In >

%µˢ = ( n / %- In > = - Yfdx Int TF In ) = - YR ( n ITT In )

↑
in Euclidean signature

we need i

• Tzz = 4- ( 1- ✗ x - Ttt - 2 it ✗ e)
,

TEE = TZÉ
,
Taz =

¥ ( Txx + Ttt )

• Ln 1 Ttt In ) = -

ERI , ( n 1 Txt In ) = i£n ,
( n I 1-✗ ✗ In ) = - JI

OR

Qn=ifd✗(nlTtm1n)5"_
Altogether we obtain

In ITF In ) = In 1 T.zz.lu ) ( n / TEE In > - ( n ITZE In >
2

= -

he / En %→ + %)

= > %_µˢ = En 2€ + Pn÷
OR

↳ inviscid Burger's eq .



Solution :

•

✗ ~ ✗ +12 =) Pn 10 ) = My ,
M E 21

} Pulpit = Pnlo)

=) Pulp ) = MR

• Exercise : show that Burgers
'

eq . can be written as

REn( 0 ) = Rent µ ) + µ ( Entre )
?
- Pnloi ]

( hint : realms = f- ( mini ) )

or : R Eur 107 = R Eun In ) t 2 µ Ellie)En( µ ) , Eyr = En;Pn_

=3 En ( µ ) = - µ ( I - ltYµn_Enl0)t4¥Pnl◦# ) ,
Pnl µ / = Pnlo )

comments :

• Universal for any Poincare
'

invariant QFT

• him Edm ) ¢ I / R =) UV is not a CFT fixed point
R → 0

• For a CFT :

Renko ) = hnthn -

§ ,

ppnio ) = hn - fin
to In > = hnln )

to In > = ñnln>

En / µ ) = -

µ +
R
'

yµT
+ 4- ( hntñn

- E) + ¥1bn - tiny
-

10 for the CFT vacuum
hn=Ñn=0



• Matches the energy of a winding string 1W =L
,
Piso )

m
'

= w,;R÷ +

%, /
Nt Ñ - D-÷ ) + (NI) (8-3.2)

R2

where µ = ls
>

,
c= D- 2

,
lhn ,

Ñn ) = ( N ,Ñ )
2-

= > 1--2454 → 1- FÉ - {
µTF 2M

-

Nambu - Goto : zµ=ls2 , ×:-c
,
✗ to

,
×! lil

•

µ > 0 : Encml C- IR if µ ≤ - I = 3¥
≥

4 Eoco )

↳
7 of a maximum ( Hagedorn ) temperature

• µ co
i Eulm ) E Q when Enlo) > yµ, + 1m¥ Pn 1012

↳
geometrical counterpart in the holographic dual

-a⑤E( µ )

C- C- I

•o•µ

E E E



Modular invariance

consider a CFT on a torus 2- ~ 2- t R n 2- te
.

R=1

2- Ole, E) = Tr / gh " -424-95^-42
" ) q=ezñi-

I

= Tr / e- PE
" + in P" )

,
c. = rtip

21T

Invariant under large cliffs 2- ◦ ( re,8E ) = 2-ok
,
E) where

I → C = aItb_
CI + d

'
• d- be =p .

Tie → Ctl
,
Dehn twist along ✗

=) hn - tin C- 21

⇔si en - te ,
✗ p

=) Cardy 's formula
, pn es

s = 21T ( g- ( hn - E.) t { ( tin - £ ) ) , hn
,
_hn 3) C or c. → a + . . .

to

matches entropy of BTZ black holes

= > modular bootstrap → constraints on the spectrum

For TT - deformed CFTS :

2- ( re ,rE ; 8Ñ ) = 2- (GEIÑ )
,

Ñ : A ✓Ñ=Éz
R2

/

to

not related to symmetries of TF in an obvious way .



Perturbative proof :

ZCE
, Ein ) = Tr ( e

- 2 'T E Ent Ñ ) + Ziti E , Png
,
I = E , + i Tz

to

Enlpi ) = En - ( Ent - Pri )µ^ + 01µm )

↳ E En lo)

= & 2- tale , E) µ^ "
K :O

where Zkle , E) = Tr / fi
" '

( Eu
,
pn ) e-
" " E" +2 " it 'Pn ) = ☐

""
zo ( e ,z ,

↓
CFT partition function

e.g. 2- , le, E) : tn
"

= 21T Ez (Ei - Pri )
,

D
" '

= ¥ Ez 2225

2- > Ce , E) : tn" = 4512cal ( En ? _ pull
>

- 2T, ez En (En
?
_ PI )

D
'

"=¥zeiÑ2É + ¥, -412-2-4225

:

Exercise : show that under modular transformations I → 8T

D
" ' → ( cc + d) ( c e- + d) D

" ' ( modular form of weight 2)

More generally one finds that for small values of k= 1,213 , . . .

D
' " )
-n @ e + d)

"

( c. e- + d)
"
D
""

=) -21<(8-485) = ICE + d)
"
( c Etd )

"

71<142)

=) 2- Kic ;Ñ ) is modular invariant if rÑ =#
( Cet d) (CE c- d)

We now show this works for all K
.



Burger 's eq .
⇒ differential eq . for the partition function

- IT
'

ez Tr [ 2ñEnlÑ ) + 2ÑEulÑ)2µEnlÑ ) + Enlil
'
- Pn

≥ ] e
'
"

= 0

-Én→rPn

⇒ [ ¥ hi - e- Jedi -

{ ( Jez - ¥ )Ñ2ñ ] 2- Kie ;Ñ ) = O

N

Using the perturbative expansion 2- ce , Ein ) = E 2- KK, E) Ñ "
,

K = 0

2-
Pti ( e. E) = p÷ [ i / Tre - if ) / 2- + igg

,
) -
PlP ] tple , -44 Ez

to t
#

( P ,
P )' " ' ' " ' "

Thus
,

2- Pti ( e. E) has weight ( Pti , Pti ) . By induction
,

2- ( re
,
re ;8Ñ ) = 2- ( e. EIÑ )

,
✗ Ñ = ,⇐+d÷⇔

Consequences :

pl
• Maximum temperature :

→
Fi

% ≤ ?
e. ÷

•
ti ≥ I

3022

Edit #FE -1 )
• Asymptotic density of states : ↑

large c + sparse spectrum =) 2- ( e. E ; pi ) ≈ { e-
P ⇐ " Ñ )

,
p > 21T

to t

e- P' Eolii )
c → a light states

, PC 21T1.
pic fixed

analog of HKS



Sle
, E) = ( I - I be - E JE ) hog 2- ( e. E ; ÑI

= i÷ ÷ / ÷ - E) ,

' = i - i;÷,
≥

→ I
ñ→o

Exercise : use ÉIÑ ) = ( Éclat > e. e- =

¥;

Ze log 2- ( e
, EIÑ ) to show

SIÑ ) = 21T / g- Rectal [ It 2¥ Erin )] + g- R ERIN )[ It 2,1 Edm )) )

• Hagedorn growth at high energies : not a CFT

Eli ) = Enlil ) = { E. (f)
,

SIÑ ) ≈ 21TF C- lil
,
Eli ) )) /

Consistency check : C = ip / 21T

2- II. E ; it = Tr ( e- BE ) = E pie ] e- BE = [ et"FÉ - f) ECÑ )
+ . . .

E E

Max . temperature : B ≥ 21T JE

◦ Cardy 's formula using the deformed spectrum

SIÑ ) = 21T / § DELIO ) + g- RERIO ) ) = Slo)

Bai)

↳ same density of high energy states

①

no level crossing

• IT is not an Ra flow → it doesn't add
•µ

new dots
.


