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Symmetric orbifold s

seed theory

SYMNM = MI µ% } N copies
SN

- s symmetric
group

• If M is a CFT : Ii ) Sym
"

M is also a CFT 1 modular inv . )

(2) C = N Cm
,

N → a =3 large - c limit

holographically (3) low energy spectrum does 'nt grow with N

desirable {
In) correlations factorize at large - N

undesirable ← (s) infinite # of higher spin currents

4) Untwisted sector : symmetrized product of states in MN

N

I = Sym ( ☒ i. i &
" '
) = Sym ( ∅

">
④ ∅
" >
⊕ .

. . $
'M )

to

large reduction on the # of states

• Single - particle states :

OI = of
" >
⊕ It ☒ . . .

☒ It + It ⊕ ∅
">
⊕ 11×0

. . .
⊕ 21 t . . .

,
he = h

'"

e. g. the stress tensor

T = T
' "
⊕ It ⊕ . . . ☒ It + . . .

= [
i
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,
T
" '

N

T 12-11-10 ) = [ = ,
T
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+
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• Multi - particle states :

OI = ∅
"'

④ ∅
" '
④ 21 ⊕ . . . ④ It + ¢

">
⊕ 11 ⊕ 413) ☒ . . . ⊕ 21 t . . .

,

he = E h
" '

e. g. for the stress tensor
N

T
" '
⊕ T
" )
④ 21×0 . . .

☒ 21 +
. . .

= E T
" /
T
's )

i=j

N N

Exercise : show that Wu = E [ ( T " ' Tci ' ) - ¥22T " ' ] - ✗ [ Tilt 'D
i. I i=j

is a spin - Y current
,
where IAB) / Z ) = § ftp.TAIWIB-z) , ✗ = ¥m+ '

NT

(2) Twisted states : states needed for modular invariance

0in ) :
"

connects
"

n copies of MN
to

.
.

twist y
'

( e "tiz ) = 0915) g. E Sn

• single - particle spectrum

him = § + Ej µ
-

In) ,
for each he M

hing - tien , c- n Z

EY ' = hins - n%- = Ens , for each ELEM

• multi - particle spectrum
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-0

-
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Single - trace TF

• A symNM allows to define the single trace TT deformation :

N

I. = - 4 / ITT )st , ITT )si = I 1T¥'T - T.li ) 2)
Zµ i =L

It

N

TF = Eltii 'T!! - Tii'T:?)
i. j

• ( TF 1st takes SYMNM → symNMµ Mr

Mm

Mr

• Sym
"

Mm has the same symmetries as Mm I modular invariance )

=) Znlre,ré;rµ ) = 2-role ,E;Ñ1

The partition function :

2-NII , E ;µ^ , = zontwisted
N 195 ;ñ ) + 2-

twisted
N HE ;ñ )
- -

universal for depends on M
,
determined

any Sym
"
M from modular invariance

(1) Untwisted sector :( set N =3 for simplicity )

untwisted 3

2- n le,é;Ñ ) = Truntwisted ( 9
" ' " '

-9
" '"

) = E 2-
" '
le,E;µ')

i. 1

it Eli , = ∅!
"

⊕ 0 !" ⊕ di
' "

, e.g .

the vacuous

2-Kic ;Ñ ) is the

E =3 Ei = > 2-
" '

ce , _e ; pi ) = 2- ( se ,3é;µ^ ) → partition function

of the seed



iil Ici , ;) = 0 !" -001¥ -00¥
,
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, e.g .

stress tensor

(2)
C- = Zeit Ej =) 2- ce

,
-2 ;µ^ ) = 2É;Ñ - -2132,35 ;Ñ )

a q2Ei qei

iii ) # ii. i. a) = di" -0 $ 'j" ④ 0k"
,
i-tj.tk

,
Ei Ei + Ej + Ek

2-
' "
Igi ;Ñ ) = : [ 2- ( e. e- i. f) 3- 32

" 'k
, pi ) - 2-

'3)
( e. e- ;Ñ ) ]

3 !

Altogether , we have :

2-
untwisted

µ
= I [ 2- (e. e- ;Ñ)ˢ t 3712922 ;Ñ ) 2- ( e. e- ;Ñ ) t 2 -2132,5C ;Ñ ) ]
3 !

Structure of Ss : conjugacy partition
class cycle function

abc → abc 213 430,0} 21 2- ( c. c- ;Ñ )

→ bac
,
Cba

,
acb 212 -21 { 2

,
2,0 } 212 2- ( 2422 ;Ñ )

→ bca
,
cab 213 20,0, I } 213 2- ( 3C

, 3Éjµ )

=) z
untwisted

= 1 ( cycle index of S3 )
3

3 !

For
any Sym NM we have

2-
untwisted

N
= 1- ( cycle index of SN )

N !
N

= I E N ! IT 2- Ine
,
ni ;Ñ )

""

N ! { 14 , . . - kN } 1TnN= ,
n
""
Ku !

" = '

t - N

conjugacy # elements in §
,

nkn = N

class conjugacy class



Exercise : check this formula for N=Y

(2) Twisted sector :

untwisted
Note that Zou is not modular invariant since for each n > I

2- Inc
,
nÉ ; Ñ ) → 2- Ine ,nE ; pi ) since Eli ) - Enlai ) = Plo)

T

ñ
2- ( ne ,né;µ ) g→

2- I -Ei -Ei ⇒ ) = -21 Ei Ei É )

Make each 2- ( ne
,
ne ; Ñ ) invariant by adding its modular images .

For n prime
s

#
n - \

A
2- ( ne

,
ne ; ii ) + 2- ( E. , In ; É ) + E

a- ,

2- 1¥ , -¥ ; ;)
↳ I 0
T T

"

,
2 CN T

N - I

Exercise : show that
,

2- (¥ ,é i ¥ ) is invariant under

s transformations when n is a prime .

For general n
,

the modular invariant combination is

8- i

Tn - 2- ( e
,
E ;Ñ ) = E E 2- (ne' , nE ; µ÷ )

8 / n 2--0 8
2 82

↳ generalization of the Hecke operator
8-1

Tn - 2- ( e. c- ; pi ) = 2- ( ne ,
ne ; Ñ ) t

,

E 2- (ne,nEj¥;¥ )22""

witÉ



Partition function of symNMµ :

2- ( ne
,
né ; Ñ ) → Tn . 2- ( e

,
E ;Ñ1 ,

T ,
= 21

N

2- role ,
E ; it = 1- E N ! IT [ Tn . 2- le ,E;µ^ ) ]

""

N ! { 14 , . . - kN } 1TnN= ,
n
""
Ku !

" = '

Generating functional :

A

2- Kie ;Ñ ) = exp / É
, % Tn - 2- le

,
I ;Ñ ) ) = E P

"

Znleic ;Ñ )
hit

comments :

• Same formulae as CFT with more general definition of Tn

• At large N ( large c) i

2-role, _e;µ^ ) ≈ {
e- P

⇐ " Ñ )

, p > 21T

e- P' Eolii )
,

P ( 21T

where EolÑI=¥µ(FÉ - 1) → different from double trace :

Edit = ÷, /FE
- 1)

In the microcanonical ensemble :

SIÑ ) = 21T / g- Recite / [ It 21 Erin )] + g- R ERIN )[ It 21 Edm )] /
RN RN

↳ differs slightly from the double trace case



The spectrum of twisted states

8-i

Tn - 2- ( e
,
E ;Ñ ) = E E 2- (ne' , nE ; µ÷ )

8 In a :O 8
2 22

↳ 8=11 =) twisted sector

In order to get the spectrum write :

2- ( Itf ,nE ; %) = Tr / q
' " ' " -44^1"

g-
" "" ERIÑ 'M

eczñialr ) Jio, )

8- I

• = ,

e
" in / 8) Jco,

E = ✗ Sjw, mods →
this condition is already

satisfied by Sym
"
M

=) Tn - 2- ( e ,E;Ñ ) = [ pie, , en ) qn
Ect )

g-
n Encñ )

Ear

+ I [ 6 plea , en ) q
' " ' " ' -414184

g-
Into? / ERIK / 84

8J. . .
01h

8-1-41 , my
Ear

+ [ n pie , , En ) g
" ' " ' " ( Ñ / "

"

I
g-
11in ) Enlil n' I

8 Jmodn
Eur

① untwisted multiparticle state

total' "
⊕ ∅

" '
④ . . .

☒ 0
' " '

=) Ec ,p = n Ehr

② twisted multi particle state lift n t prime ) with twist ran

total

∅cn⊕9y--i⊕∅-
= > Ear =

g- E%r



③ twisted single particle state

Sym ( loin, ⊕ 21×0 . . . ④ H ) =) Ein
'

til =

In Eun LÑ In
'

)

-

same formula for CFT

up to the rescaling of Ñ

The spectrum of single particle states in single - trace TT - def

CFTS can be written as In = 1 for the untwisted sector I

C-in
'

cos = Ec!É ( µ ) + 2,1
Ei" In )EÑlµ )

,
J
'"lM= J

"'io- 21

Comments

• Single - trace spectrum and density of states : additional factors

of n and N
. Single - trace spectrum contains sums of T 's !

• Modular invariance is compatible with both the single and

double trace spectra .

• The entropy in the single - trace case is the same as Cardy's

formula in SYMNM =) no change in the # of dots .

SIÑ ) = 21T / g- Rectal [ I + 21 Er In )] + L'→ R )
RN

= eñ / §rci" + FREE )
= Slo)

↳ maximally - twisted state



String theory on Ads }

Let us consider string theory on Ads} ✗ 53 ✗ T
"

.

We focus on

the bosonic Ads
} sector with Ns - Ns flux .

The low energy

effective description is IB Suara :

I = fd '°× FF e-
' +
{ R - Y 2m$ 2nd - I Hnvatl

""

}
(Zñls )

° 12

↳ H=dB

The background features electric and magnetic charges

Qe = 1- f e-
' '°

* H = p ,

Qm =

It, /
g
,

H = K

Kills)b 53×1-4

to Fl brane is electrically charged under B

↳ Nss brane is magnetically charged under B

Related to the fact that Ads > ✗ 5
>
✗ T
"

originates from the

near horizon limit of p FI and 12 Nss branes = > 5- dual of

the DI - Ds system .

The space of asymptotically Ads } solutions can be parametrized as

dr'
- r dudu + Tie die + Tidd } + dsss + dsiudi = l

"

{
y , , _ uiiti )to to

Ads scale U=tt4
,

✓ = t - 4
,
4- It 21T

B = 12 rdundv + Bros
2



HE £ K ) > 1
,

P > > I → weak string couplingezd = Kp ' ti
"

. y ,

↳ semiclassical limit

M = 1- (Teitti )

BTZ

×M = 0 BTZ
← • j = 1- (Tri - TT )%

•

•

•

•

•

•

•

•••••
44

global Ads ,
←

• ••••% conical

singularities
Tµ=Tv= ÷

string theory on Ads
}
with NS- NS flux admits a perturbative

worldsheet description as an SLLZIR ) ✗ SUK ) WZW model
,

Swzw = 11 / d
>

2- Tr ( Za 9-
'

2
"

9) + K F
,

9-CSLI2.IR)
161T 2M to

a fd
>
✗ £

""
Tr / 9-

'

Ja 92,9-129 )
M

or as a NLSM
.
The Ads

} part of the action is :

c-
2- "

= -1 target space words : IP , MV )

↑ ↑

5 =
_ 1- f d 't (Fn Nab Gµu + tab B.

peu
) Ja ✗

"

( 2-
,
-5 )2bXYz,E )

2152
↓ -

world sheet words world sheet metric

C- , E) = ( e +0 , e- 6) Is
'

= -
dzdE

=

t, /
d 't Mmu JX

" 2- ✗
✓

,
Mpv = Gnu + Bµv



For global Ads } :

s = 1h / d 't f - you
Ju

- { Jv Jv - r Fun )
Exercise : Parametrize the group elements of SLI2.IR ) by T

>
=

- ¥62 ,

1-
±
=

{ I
63 ± is

'

)
.

Use g. = eut3.pt/09l2rtFr-T)lT+tT)evT3 to show

the EOM of the NLSM match those of the wzw model ( Ta=Tv=i_ 1
.

The world sheet action is invariant under

n n

5112,112 )
,

× 5112,112 )R

↳ obtained in the wzw formulation by 89 = wczjgtgñi )

↳ or from the isometries of Ads } with wordsheet dependent

parameters le
-g .

Sulz
,
E) = ✗ ( t ) )

These symmetries are generated by the chiral wzw currents

5912-1 = - k Tr (1-9299-1)
,

Jal E) = KTRIT
"

g-
' g- g)

which are related to the Noether currents of NLSM by

I Noether 17 , E) = Jatt ) t D- cz
,
E)→

"

topological
"

term
,

Example : for translations along ✗
"
( 8 ✗

"

= 5
"

) we have

j
,
= ls-251 MvµJx

"

2 + Mm ZX
"

5)

5 = Zu = > Jou = ¥ ( Tru - zr Jv ) 5 + 15h2 - Ju 5)

7



For the M --0 BTZ black hole all Noether currents are chiral
,
i.e .

I

J Noether = Ja I or jnoether = Ja 2

From the chiral part of jnoether or the WZW current we obtain :

Jn
"

=

÷
,
§ ei "ᵗ J

"

= > [ J }
,
53m ] = - En 8am

±

to fjn ,
J±m ] = ± Jn+m

particularly interested in J?

[ Jnt , Jai ] = - 253
him

+ K n 8h + m

Energy and angular momentum of the string ( C- = Eater
,
P=Ec - Er )

Ec = ¥ § Isu = ¥
,
§ J

}

+
I § Troll , Er = ¥ § Iou
81T

- -

JP winding

The world sheet stress energy tensor Cat large K ) :

Tab = ¥ 8¥ , =) T = - Is
"

Guv ZXMJXV

Exercise : compute the WZW currents and verify that the

stress tensor matches the Sugawara stress tensor at large K

T = 1- Jaja = 1- [ { ( jtj
-

+ J
-

g-
+
) - (1-3)

'

]
K - Z K - 2

Virasoro algebra : I : 31
ktz

In = - §, § T ein -2

,
flu , lm ] = ( n - m ) Lntm + nln ' - 1) 8mm

,



The spectrum

spectrum of strings on Ads
} → Unitary reps of SUHR) ✗ 5112112 )

Ij
,
in > → czlj.cn ) = - jlj - 1) lj.my

,

JP II. m ) = in Ii
,
m >

a = { Ji Ji , Ji = ±, § Ja,

A Principal discrete reps ( short strings )

±

Dj = { II. m ) : m = ±j
,

± titi )
,
± lit 21

,
. . . }

,
JF lj , ± 57=0

unitarily : I c- 112,0

± sie E
wavefunction is L2 a- → no ghost theorem

(2) Principal continuous reps ( long strings )

C
,

?
= { Ii

,
m ) : m = ✗

,
✗ ±i

,
✗ ±z

,
. . . }

,

✗ c- [0,1 )

unitarily : j = { + is
,
SEIR

Virasoro constraints :

do - 1) 14 ) = o = ? - j¥ + Nth = I

- ↳ internalto
£

level manifold
K - 2

↳ for DF : N is bounded from above ( finite string excitations )

↳ for Cj
"

: only solution has N=h=o ( the Tachyon )



This can be remedied by the inclusion of additional
"

flowed
"

representations .

Spectral flow

Let's consider the EOM of the NLSM with general Tv ,
Tv :

85 = -

¥ f d 't / Hir ) + Jun ) tr - [ { 85 u + 5 Iron ] see

- [ { 25 v + a trout ] su }
The e-on are invariant under the spectral flow transformation :

u → U - W Z
,

V → V - W E

In general ( non Ads
} ) spacetimes this is related to the existence

of chiral currents
.

Exercise : assume Mmu is invariant under translations along XM
.

Find the conditions on Mmu such that ✗
"

→ ✗
"

+ wz leaves the

C-on invariant .

We can use spectral flow to generate winding string solutions :

SF
UI e)

,
VICI

,
r( e) ☐ lice

, G)
,
Ice

, 61

to to

Eon =) geodesic e9 . Ñ = Ñ÷ =

U÷ - Wo

①

I ~ Ñ - 2MW



short SF
Do

strings :

"÷"

! $
long SF

• ✗
The spectral flow transformation induces a transformation of the

currents that leaves the algebra unchanged , i. e. it's an automorphism
easy to check using the

of the 5471121 algebra : results of a previous exercise .

d-
3
→ J } = g-

3
_ ¥ w ,

g-
±
→ j ± = et

" "

J
±

,
we 21

When the group is non compact , spectral flow generates new reps .

Hence
,
too 542,112 ) we have : improved no -ghost

theorem
c.
✗ in

{ Cj 4 k¥
'
w

, { + is where

Flowed stress tensor :

T = I [ { 1 Jt J
-

t J
-

jᵗ ) - 4- 3)
'

] ⇒ F = T t w 53 - kid
1h

→ To = ±, § F
= to + w JP - KYI



The Virasoro constraints of a flowed state li.ms → IT ,ñ > become

(Lo - 1) IF > = 0 =) -Ñy -
WTP - Kyd + Nth = I

b.

• arbitrarily large
• w - flowed continuous reps.

Recall the left moving energy of the string is given by

Ed" = ±, f Izu = J? + ¥w

The Virasoro constraints become

-i - w EY
'

= is = > Ei " = - iY - i

1h

=) EY
'

= Lw Ec
" )

-

energy of a twist- w state in

a symmetric orbifold !

Comments :

• For DF
,
EY = - Tcj, - I can not be generically solved since

JP II. in > = in 1J ,ñ )
,

wie 21

✗
• For Cj

,
we have in = × ± n with ✗ c- IR

,
ne 4 . Hence

,
it's

possible to solve the Virasoro constraints !

⇒ spectrum of long strings captured by a symmetric orbifold

where w = twist of the state l wit → untwisted sector )



However
,
the holographic dual isnot a symmetric orbifold
-

in tension with the semiclassical limit 1k > > 1)

of sugra : no tower of higher spins fields

At 1h -

- l we don't have a semiclassical approximation but :

til there's an a tower of massless higher spin states

(2) there are no discrete reps

(3) only the s --0 CF reps are present
-

discrete spectrum

=3 At last the holographic dual is Sym PTY with c- Gp

For general K we expect to move along the conformal manifold

SymPig

twist field / with a _

- 2) that partially1
CFT with c- bhp destroys the symmetric product

structure

↳ long string spectrum still captured by a symmetric orbifold

↳ allows for the definition of single - trace deformations


