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The TF deformation in string theory

we come back to the question :

UV : TF ← ?

1. t
IR : CFT

,
•→ string theory

on Ads}

At 1h :\ → single or double trace deformation

For any in → single trace deformation of the long string sector

is more natural in string theory

Let us consider the M --0 BTZ black hole
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The Noether currents are chiral and generate an slh.IR) algebra
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Exercise : find the j
} and it Noether currents and confirm

j
-

,
j }

,

and j
+

are Chi rally conserved
.



The TT operator from the world sheet

Using the world sheet currents we can construct a vertex operator

that corresponds to the stress tensor in the dual CFT !

The ingredients we need are :

a) the representation of the 5112112 ) algebra in the dual CFT

JJ = - 2x
,

J ? = - 1×2×-1 h )
,

Jot = - ( ✗22×-1 2h × )
to to

auxiliary dual conformal weight
CFT coordinates in the dual CFT

121 the primary fields

¥ " =

¥ / µ.×,v.i )
"

to

representation of both 5112,112 ) algebras , i.e .

[Joa , En ] = Lga In

↳ check i Cz In = 1

,
☐ In = > m

?
= - 4 Cz = 4h 1h - 1)

↳ dual CFT weight : ( h.nl
,

worldsheet : ( D. D)
,
D= -h

12-2

↳ T n Cz t . . .

(3) The
"

soldering
"

current :

Jlx ; -2 ) I 2 ✗ j
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?

j
-

( z )
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÷ 24 Jcx ; -21 = Utj
-

CHU
,

U = e×J! { 2×5 = ut j3u
,

- J = utjtu

his dual CFT weight : I -1,01
,

world sheet i 11,01



Using the scaling dimensions of 5th
,
J
,
and J we can construct

a vertex operator of weight 170 ) in the dual CFT :

world sheet : 10,07 , 11,01 , 10101
,
10,1 )

↑ ↑

1- ( x ) = ±, fd2z ( a , J 2×2 OI
,
+ 92 2x J 2x OI

,
+ a } 2? J OI , ) I

↓ ↓

dual CFT ! 12,0 )
,
I -1101

,
1411

,
10

,
- 1)

The ai can be fixed by imposing the physical state conditions

or requiring T transforms as a tensor
,
such that

-11×1 = ¥, fd
>
2- I 2×52×0-1 , + 22×2 J OI , ) J

Tix ) satisfies all of the desired properties for the stress tensor

of the dual CFT
, e.g .

the Tix ) Tly ) OPE .

strategy to evaluate the OPE :

2×-101,5 ) = K ZE OI , =) 2×-1-1×1 = { § dz ( 2×52×51-1 + 224 JOI , )

↳ vanishes within correlations up to

contact terms

Jx;zJy:w = k¥÷% + ÷wµ -✗52,
single and double poles
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,
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2- → w -

s"kx - y ) = ¥ 2- ⇐



Altogether we find

1-1×11-191 =

+ {¥⇒ + HI
✗ - y

1
( = bkp ✓

23×51%2-1=0 = > no other chiral vertex operators with weight

h -2

TCH
.h > 2 other than 2x

theres another vertex operator we can construct with dimension

12,2 ) in the dual CFT :

Dix
, 5) = / d 't ( Zx J 2x + 22,2J ) ( 2×-5-2i t 22¥ F) OI ,

Tmi:
Using similar techniques we find

1- ( x ) DIY , 5) = 31.gg?i)-+2D4i5)-+JyDYg5)-,Cm--6kfX-yj2
Let us consider the OPES of T with the double and single trace

versions of TT in a Syin M with Cµ = 6k :

p
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Tintin] = [ T
" 'T" 't " ' = § 3,¥jy +

2 + ñ÷¥
"

i. j

= 3k1 + 2(TF) t 2ly
g. c)

(✗ - Y ) " µ - y )2

=) Dies ,5 ) is the vertex operator for single trace TF !

There are no other local vertex operators with weight 12,2 ) .
In

particular 1-1×11=1×-1 = fd
>

2- ( fdhn . . . ) is nonlocal

Marginal world sheet deformations

consider deforming the world sheet action by

/ DX ITT )st ~ fix DCX.it = / Z / d > ✗ OI , 22×51×1 JÉJ Ii )
- to ↓

constant zjzµlz ) 2 Joule )

= > Jd
>

✗ ( TT 1st ~ / d2zjzµ It ) jzv (E)

Comments :

• Translations along a l= ✗ at Pro ) are generated by

j
-

12-1 on the word sheet } precise sense in which

Jon Izu ~ TF
1- 1×1 on the dual CFT

• The deformation is exactly marginal con the world sheet )

↳ preserves shift symmetry 1 translations ) along u
,
u

↳ preserves conformal symmetry of the world sheet



↳ generates another solution of SOGRA

• Dlxix ) is not thrown away from the CFT fixed point but we

can work directly with the Noether currents j
-

and I
_

.

• These currents are not chiral for other Ads } backgrounds

4) must generalize the / d't j - (e) J
-

it ) deformation

let us rewrite the TT deformation in terms of the
"

currents
"

generating translations :

JQFT
. QFT

( × ,
= Tmxdx

"

,
Jci )

= Tmi d ✗
^

d* JQFT
a. ,

✗ ( Tri Txx + 2x Tix ) dxndii
,

d * j
""

(5)
= 0

=

2µs =
. 4 / d

'

× ( 1- ✗ ✗ Tix - Tx? ) = - Y f jcx) n Ici )
-

can be generalized to other

defs
, e.g

JI
,
Tix , = JpdxM

The world sheet deformation is proposed to be

Iii Sws = - 4 / jam njzv ,
→ instantaneous

ljcx ) = jzµ
, µ = lZµ^

The deformation is exactly marginal and can be written as a

current - current deformation after a change of coordinates .



Using the definition of Sws and is

Sws = ls
"

fd't ZXTMJX
,

is =
- ls-215T MIX DE + sext MS dz )

we obtain F'"" ' = 2 skip

2µ^ Sws = - 4 / Jann Izu =) 2g M = - ls
"

Mr
'""

M

=) MI pi ) = Mto ) [ I + zpilj
≥

r
' " ' "

Mco ) ]
' '

t
original Ads } background

Tst transformations

what does this correspond to in string theory ? Answer :

a Tst transformation

T- duality on u
↓ ↳ T - duality on u

o

shift u → v - in

• The TST transformation is exactly marginal 1 to one - loop ) if

→ 8 : Fe-2$ = Ta e'
∅
e' °

1 Buscher 's rule )
to

constant

=) Tst is a solution - generating technique of Suara

• Mini) satisfies different boundary conditions than Mco ) = > Tst

changes the UV behavior of the dual theory ( as expected for TI )



• Tst works for any background with at least two translational

isometries . For Ads} ✗ 53 ✗ T
"
we have the following interpretation :

summary

Holographic dual

• UV

§ Kiki
,
(jig ,, , . . .

IR

Worldsheet CFT Suara approximation

c"""% space
d-
sat
""

µ
.

\
.

SLIZIR ) locally
WZW ↓

Ads} Mto)

5112,112 ) ✗ Uk ) / 014 linear dilation Min)
WZW



Tst black holes

let us consider the Tst transformation for TF ( along uandu )

BTZ ✗ 53 ✗ TY → TST BH ✗ 53 ✗ T
"

where the Tst black hole is described by

ds} = -
rdudv - Teddie

?

- Tidd

Ylr ? - Ytn'T!) I + ✗ r + ✗
a Tmz 1- v2

I
✗ = " Ñ

B
,
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?
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'
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211 + xr + ✗
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I
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' Titi )e' ∅
= ¥

, + xp + ✗
' Titi e20#

The constant 00 is fixed by requiring

e-
20

* H =

pQe = ¥7,16 \s3xT "
same ( quantized ) values} as before the deformation① " =

12¥12 ↳ 3

H = K

M = ¥gTitTv2+2xTµ
• I - iTµTi

•
•
•
a.
•
•

BY
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•J=t

12ps = -yfj - F) ÷•••••••••••••
.
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•

\
,
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1
vacuum singularities



Features :

• Asymptotic behavior as rosa :

ds} ~ dr ?

☒
- ¥

Dudu
,

B ~ I dundu
, ∅ → - a

2>

RCE ) ✗ - ¥, → 0

↓

Ricci scalar in the

Einstein frame

IR :
_ 6-

12

• Pathologies when ✗ ◦ co .
! CTCs and a curvature singularity

CTCs R=rn*=i+Ti

Cutoff in double trace TT :

rcutott ✗ 1-
-

by, X

• Ground state → analytic continuation of Tu ,u
-

everywhere smooth geometry ground state is real

Tu = Tv = I / i - Fx ) ift ✗ ≤ 2 .

✗



Exercise : let Tri = Tv? - ro
.

Find the equation satisfied by ro that

guarantees the absence of conical singularities at Fero .

Find

the solutions to this equation and justify the choice above .

A healthy space of solutions requires :

◦ ≤ × ≤ I

-

compatible with the spectrum

of TT - deformed CFTS !

Recall that the spectrum of Mµ in a syrup the is given by

Eliel = -

÷µn ( I - lt4µE61+4µ"Jl# ) ,
Jiri ) = Jlo)

• for large Eco )
, Elie ) becomes complex if pie < 0

• for the ground state Eco ) = - ¥ , ECÑ ) c- € if 2kt > I

lit > the spectrum is real if ◦ ≤Ñ ≤ ¥,
= > Of ✗ ≤ 1 .

-

strong hint the Tst solutions

are related to single - trace TT

Note that ✗ < o leads to both CTCs and curvature singularities

but only the CTCs are associated with complex energy states .

This

can be seen by turning on additional irrelevant deformations
.



The world sheet spectrum

In the semiclassical limit Kisi we can derive the spectrum of

the deformed world sheet theory using spectral flow .

Let

✗
"
= coordinates after Ñ " = coordinates before

Tst Tst

One can show that

EOMC ✗
M
) → e- on ( In ) JI = 2×-2152 µ^ 2x . A. r

using
Vir ( xn ) → Vir ( in ) 2- I = 5×-2 life f. M . -2 ✗

The change of coordinates induces twisted boundary conditions on £ :

Ñ lot 21T ) = Ñ(6) - 21T 8
' " Ñ ( 6 tzñ ) = Ics ) - zit 8

" )

I

↳ r
'"

= 1- § (2-5) I = wt 2µ^ls→ ¥
,
§ ( Mau Trx " t Mva 2- ✗

•

)
21T

j
'"

= w t 2 Ñ Er

81" = w - 2µ^ EL .

These boundary conditions look like a generalization of winding

↓

we can enforce them by a spectral flow transformation :

u → n - o
' "

2-
,

✓ → v - r
" '
}

Using the shift of Lo under spectral flow we obtain :



to → to - Ecr"
,

To → To - Er 8
" )

Thus
,
the Virasoro constraints lead to

Ecco) = ELIÑ ) t ¥ ELIÑ ) Erlri )

C- riot = ERCÑ ) t 2µL Ein ) ER(Ñ )
w

4) the spectrum of strings on any Tst transformed background
*

matches the spectrum of a

single-trgayce.pt?-detormedcFT-
!

Thermodynamics

The Tst backgrounds feature a horizon at

rn = 2 Tutu → same as before the Tst

transformation

since the low energy effective theory is just soar A the entropy is

s = A-
= ¥, tu46

= 21T ( kp.CL/1t2jp-ErM+#-r--pE
-

-

E. 2¥
↳ matches the entropy in the single trace case !

IT = ¥
It ✗Tutu

↳ consistent with the first law 85--4,8 E. + 1- SERTR



Comments and conclusions

• The matching of the spectrum is consistent with the fact

that the long string sector is captured by sym PM .

• The entropy also matches the symPMµ formula .

The syrup Mr derivation relied only on

4) modular invariance

(2) energies of the vacuum

Tentative explanation : the marginal deformation I of

Sym PT " must preserve (1) + (2) !

• Additional evidence for this from the gravitational charges of

the ground state geometry :

E- = HI IF - 1) = IfÑ_ - 1)4 × 2Ñ-
same energy of symPMµ
used in derivation of s

• We have several pieces of evidence that Tst transformations

are related to the single - trace TT- deformation .

• What happens at 12=1 ? Can we prove this correspondence

exactly ,
to the same level as string theory on Adss ?


